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In this paper we discuss the position of the libration points and we demonstrate the 
relationship between curves defined by the Jacobi constant C and the orbital path of the 
object. This work focuses on the dynamics of a small object (typically an asteroid, a 
comet, a spacecraft, or just a particle) near the libration points of the Earth-Moon system 
and a system with the mass ratio µ = 0.0385 (this value is critical). We calculate the 
position and the Jacobi constant of the libration points for this systems and the three-
dimensional nonlinear equations of motion were numerically integrated to find the orbital 
path of the object in three-dimensional Euclidian space. Same orbits are stable, same 
orbits are unstable and same orbits are chaotic. Chaotic orbits are unpredictable on the 
long run. 
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INTRODUCTION 

Accurate prediction of the motions of bodies in the solar system requires the solution of a 
many-body problem, which can only be done numerically. Obtaining insight into the 
behavior of any dynamical system from a numerical solution is difficult: in the many-
body problem, the existence of a large number of dynamical variables compounds the 
difficulty. The gravitational three-body problem cannot be solved analytically. 
The three-body problem is enigmatic as ever and although much has been discovered 
already, the recent developments in nonlinear dynamics and the spur of new observations 
in the solar system have meant a resurgence of interest in the problem and the derivation 
of new results. If two bodies in the problem move in circular, coplanar orbits about their 
common centre of mass and the mass of the third body is too small to affect the motion of 
the other two bodies, the problem of the motion of the third body is called the Circular 
Restricted Three-Body Problem (CRTBP). If it is further assumed that the third body 
travels in the same plane as the two larger bodies, then we have the Planar Circular 
Restricted Three-Body Problem (PCRTBP). 
In any assumed isolated two-body massive orbiting system there are five equilibrium 
points, Li, i = 1,2,3,4,5. These points usually called Lagrangian or libration points. At 
these points the gravitational pulls are in balance. Any infinitesimal body at any point of 
the Lagrangian points would be held there without getting pulled closer to either of 
massive bodies. 
METHODS 

Consider an isolated dynamical system consisting of three gravitationally interacting 
point masses, m1, m2, and m3. In most system, one mass is much heavier than the other, 
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and is termed the primary. The smaller mass is the secondary. Let mass m1 represent the 
Star (Sun), mass m2 the planet and mass m3 a spacecraft. Since the mass of spacecraft is 
very much less than that of the Sun or planet. The mass of the third body-typically an 
asteroid, a comet, a spacecraft, or just a particle-is assumed to be negligible, so m1 ≥ m2 

≫ m3. Choose a rotating coordinate system so that the origin is at the centre of mass and 
m1 and m2 are fixed on the x-axis at (x1, y1, z1) = (-µ, 0, 0) and (x2, y2, z2) = (1-µ, 0, 0), 
respectively. Let (x, y, z) be the position of the third body in the rotating frame. All units 
are in nondimensional form. 
There are several ways to derive the equations of motion for this system. An efficient 
technique is to use the covariance of the Lagrangian formulation. This method gives the 
equations in Lagrangian form. The Lagrangian describing the motion of the third body is 

L=1/2 (vx
2 + vy

2 + vz
2) + (xvx-yvy) + 1/2 (x2+y2) + ((1-µ)/r1 + µ/r2)     (1) 

where r1  and r2 are the distances from the third body to the primaries respectively. In the 
nondimensional rotating frame, the equations of motion are:  
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where U = U(x, y, z) is given by 

                                U = 1/2(x2+y2 ) + ((1-µ)/r1 + µ/r2 ) + 1/2 µ(1-µ).                   (3) 

In this equation the term in x2 + y2  is the centrifugal potential and the term in 1/r1  and 
1/r2 is the gravitational potential, the partial derivatives of wich give rise to the 
centrifugal and gravitational forces, respectively. 
There are five other locations around a planet’s orbit where the gravitational forces and 
the orbital motion of the spacecraft, Sun and planet interact to create a stable location 
from which to make observations. If a satellite or a celestial body is located at one of 
these points with zero initial velocity relative to the rotating coordinate system, it will 
stay there permanently provided there are no perturbations. This points are known as 
Lagrangian or libration points. Three of these libration points (L1, L2, and L3) are on the 
x-axis (collinear points) and the other two form equilateral triangles with the positions of 
the Sun and the planet or of the planet and the Moon. For the collinear libration points in 
this paper solves three nonlinear equations. 
If y ≠ 0 and z = 0, it follows that r1 = r2 = 1 and so there are two libration points, denoted 
L4, and L5, located at the third vertex of the two equilateral triangles with the two primary 
masses as vertices. The exact coordinates are L4 = (1/2 - µ, √3/2, 0) and L5 = (1/2-µ, -
√3/2, 0).  
The system (2) has a first integral called the Jacobi integral, which is given by: 

          C = 2U – vx
2 + vy

2 + vz
2                       (4) 
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The usefulness of the Jacobi constant can be appreciated by considering the locations 
where the velocity of the third body is zero. In this case we have 

      C = 2U           (5) 

The value of the Jacobi constant dictates regions in the (x, y, z) space where the third 
body may and may not move. The equation (8) defines a set of surfaces for particular 
values of C(x, y, z). These surfaces, known as the zero-velocity surfaces, play an 
important role in placing bounds on the motion of the third body. For simplicity we 
restrict ourselves to the x-y plane produces a set of zero-velocity curves. 
 
RESULTS 

Consider a system with the mass ratio µ = 0.0385 and calculate the position and the 
Jacobi constant of the libration points. The results are show in the Table 1. The zero-
velocity curves for the Planet-Moon system, position of the Planet, Moon and the 
libration points for twenty for critical values of the Jacobi constant are shown in Fig. 1. 
Note that the three collinear Lagrange points lie at cusps of these curves, but have no 
islands surrounding them. This indicates that the points are unstable; indeed, they are 
saddle-points in the dynamics. In contrast, the two triangular points have islands and are 
stable. This means a satellite can orbit them indefinitely. While orbits exist around the 
other Lagrange points, they are unstable and quickly become chaotic.  
 

Li x y z CLi 

L1 0.7450 0 0 3.3651 
L2 1.2144 0 0 3.3141 
L3 -1.0160 0 0 3.0385 
L4 0.4615 0.866 0 2.9630 
L5 0.4615 -0.866 0 2.9630 

Table 1. Location of the libration points and  “energy” values for µ = 0.0385.  
 

Figure 1 shows the zero-velocity curves (magenta, green and blue) for the Earth-Moon 
system (µ = 0.01215) for 14 values of the Jacobi constant, position of the Earth and the 
Moon and the orbital path (red) of the object. Curves in blue are the Kepler orbits around 
the Earth, Moon and the Earth-Moon system. Curves in green are the horseshoe orbits. 
Curves in magenta are the tadpole orbits and trajectory in red is the orbital path of the 
third body around the Earth. 
In order to generate a trajectory around the Earth or Earth-Moon system for the CRTBP, 
the three-dimensional nonlinear equations of motion (2) were numerically integrated. The 
state-space representation of the equations of motion was programmed into MATLAB. 
The set of six, first order, nonlinear equations were numerically integrated using the 
Runge-Kuta method. The initial conditions have been chosen to make the quasi-periodic 
orbits.  
The value of µ corresponds to a body (the third body) traveling around the moon and the 
Earth or the Earth-Moon system. Moderately stringent tolerances are necessary to 
reproduce the qualitative behavior of the orbit. Suitable values are 1e-7 for RelTol and 
1e-7 for AbsTol. 
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Figure (3) show, same quasi-periodic orbits in the space (x(t), y(t), z(t)), which begin near 
the Earth. The initial conditions for these orbits are: x(0) = 0.17, y(0) = 0, z(0) = 0, vx(0) = 
0, vy(0) = 2.0477, vz(0) = 0.  
If we integrate the system longer an even more interesting picture develops. To find the 
desired orbit we begin with initial conditions: x(0) = 0.93, y(0) = 0, z(0) = 0.04, vx(0) = 0 
vy(0) = -0.3969, vz(0) = 0 and C=3.16. 
  

 

Figure 1. The zero-velocity curves show paths of constant energy in the CRTBP. For 
certain values of C (CL4 = CL5 < C ≤ 3.651), corridors exist near the Moon to jump 
between interior and exterior orbits. 

If the system is integrated this way for a long time (forward and backward) we get the 
pictures in Figure 4. The motion (x(t), y(t), z(t)) of the third body relative to the rotating 
frame is described by these orbits. 
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Figure 2. The zero-velocity curves show paths of constant energy in the CRTBP and the 
orbital path of the object.  

 

-1.5 -1 -0.5 0 0.5 1 1.5
-1.5

-1

-0.5

0

0.5

1

1.5

x (nondimensional)

y 
 (

no
nd

im
en

si
on

al
)

The relationship between curves defined by C and the orbital path of the object

 

 

Orbital
C=2.99

C=3

C=3.01

C=3.04
C=3.06

C=3.1

C=3.14

C=3.18
C=3.22

C=3.26

C=3.3
C=3.34

C=3.38

C=3.42

Moon
Earth

-0.2
-0.1

0
0.1

0.2

-0.2

-0.1

0

0.1

0.2

-0.1

0

0.1

0.2

 

x (nondimensional)

Quasi-periodic trajectory around the Earth

y  (nondimensional)
 

z 
(n

on
di

m
en

si
on

al
)

Trajectory of the third body

Earth



Online International Interdisciplinary Research Journal, {Bi-Monthly}, ISSN 2249-9598, Volume-VI, Nov 2016 Special Issue (1) 

 

 
w w w . o i i r j . o r g                      I S S N  2 2 4 9- 9 5 9 8 

 
Page 90 

Figure 3. Quasi-periodic trajectory of the object around the Earth for T = 50 time units. 

 

Figure 4. The trajectory of an object (typically an asteroid, a comet, a spacecraft, or just a 
particle)  in three-dimensional Euclidian space for T = 150 time units in the Earth-Moon 

system. 

DISCUSSION AND CONCLUSIONS 

The progress of numerical study in celestial mechanics owes a lot not only to the 
development of computer hardware, but also to sophisticated numerical algorithms. A 
variety of numerical integration schemes such as the Runge-Kuta methods, various 
predictor-correctors, the extrapolation method, and the family of symmetric integration 
schemes has contributed greatly to the progress of numerical celestial mechanics. Digital 
computer technology yielded huge innovations not only in the field of theoretical 
computation but also in the area of advanced engineering of astronomical observation 
that has given celestial mechanics a substantial simulation. The coupled, nonlinear nature 
of the equations of motion of the three-body problem prohibits us from determining exact 
solutions. Through the use of the Jacobi integral, we can determine specific areas where 
the third body (an asteroid, a comet or a spacecraft) is not allowed. The zero-velocity 
curves can tell us some very basic information about the dynamical system without 
requiring much computation.  
Motion of the third body was found using numerical integration of the CRTBP and 
PCRTBP nonlinear equations of motion as described in the methods section. An initial 
position and velocity was assigned to the third body and then propagated over a specified 
time interval. Depending on the initial velocity given to the third body (no additional 
velocity applied), its motion was restricted to clearly defined areas that can be shown 
once the potential and Jacobi’s constant are calculated.  
Because the Circular Restricted Three-Body Problem is non-linear dynamics, there is no 
general, easy analytical solution. But, some particular solutions such as linearization or 
perturbation method can give restricted analytical solution, and some numerical methods, 
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such as differential corrector and Poincare map, can also useful for finding advantageous 
trajectory and periodic orbits.   
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