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[ Abstract ]

In this paper, we study of Mennicke symbol on Um,(R,I) with values in classical
group, where Um, (R, I)will denote the set of all unimodular rows w. 1. t. I.

Mathematics Subject Classification 2010: 13C10, 15A63, 19B10, 19B14
Keywords: Unimodular row, Relative unimodular row, Mennicke symbol, excision
ring.

1. Introduction

Let R be a commutative ring with unity, and / an ideal of R. The kernel of the induced
determinant map from K; (R,I) — R*is denoted as SK; (R, I), where K; (R) is defined
as GL(R)/E(R). It follows that the mapping ¢: SL,(R) — SK;(R) is surjective.

For an element a = (Ccl 2), it is observed from [2] that ¢(a) depends solely on the

first row (a, b). Therefore, ¢(a) can be expressed as ¢p(a) = (Z) Define W as the set

{(a,b) | aR + bR = R}, representing the first rows of such matrices a. Then, W
coincides with Um,(R). According to Mennicke, the mapping [ ]:Um,(R) — SK;(R)
demonstrates bimultiplicativebehaviour in (a, b). Such mappings are referred to as
"Mennicke symbols”. This paper undertakes an examination of the Mennicke symbol
on Um, (R, I) with values in the relative special linear group.

2. Preliminaries

Let R be a commutative ring with 1 and I be an ideal of R.The group
GL,(R)consisting of r X r invertible matrices with entries in R is called thegeneral
linear group. The subgroup of GL,.(R) which consists of invertible matrices of
determinant 1 is called the special linear groupand is denoted by SL,.(R).

Let E,.(R) denote the subgroup of SL,(R) consisting of all elementary matrices, i.e.
those matrices which are a finite product of the elementary generators E;;(1) = I, +
e;j(A),1<i#j<r,A€R, where e;;(1) € M,(R) has at most one non-zero entry
A in its (i,j)-th position. In [5], it is proved that E,(R) is a normal subgroup of
GL-(R), forr = 3.

0

One has the natural embedding a — (g 1)of GL,(R) into GL,,1(R), for any r. The

union ofthe resulting sequence
GL,(R)c GL,(R) c -+ c GL,(R) € GL,;,(R) c ---
is called the infinite general linear groupGL(R),i.e GL(R) = U,»1 GL-(R).
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Similarly, we have the subgroups E(R) = Ups1E-(R),SL(R) = Uy»1SL,-(R)of
GL(R). By ([4], Lemma 2.3), we have E(R) = [E(R),E(R)] = [GL(R),GL(R)]. In
particular E(R) is a normal subgroup of GL(R) and the group K;(R) = (;Lg))
called the Whitehead group of the ring R.

Further we note that the determinant map GL,(R) — R* induces a map det : K;(R) —

R* given by aE(R) ~ deta. The kernel of this map is SL(R)/E(R) and is denoted
by SK;(R). That is,

_ SLR)
SKi(R) = TR
The group GL, (R, I)consisting of all r X r invertible matrices, which is congruent to

identity modulo I, is called the relative general linear group, i.e.
GL-(R, 1) = {A€GL.(R)|A = I,modI }.

The subgroup of GL,(R,I)consisting ofr X rinvertible matrices of determinantl,
which is congruent to identity modulo [ is called the relative special linear group and
is denoted by SL,.(R, ), i.e.

SL,(R,I) = {A€SL.(R)|A =1 modl }.

Let E,.(R,I) denote the smallest normal subgroup of E,(R) containing the element
E,1(x), with x € I. In ([7], §2), it is proved that E,.(R, I) is generated by the elements
Eij(a)E;;(x)E;j(—a), witha ER,x €EI,1 < i # j <r,whenr > 3.

In relative case we
have,E(R,I) = U;»1 E,(R,I),SL(R,I) = Uy»1SL-(R,I), GL(R,I) = U,»1G-(R,])
and one has E(R,I) = [E(R),E(R,I)] = [GL(R),GL(R,I)]. In particular E (R, ) is
normal subgroup of GL(R,I) and we have the relative Whitehead groups

GL(R, D)
ER, D

SL(R, 1)
ER, D

Ki(R, 1) = and SK;(R, I) =
Arow v = (v, V,,...,1) € R" is said to be unimodular (of length r) if there exists
elements wy,w,,...,wyinR such that (v,w)= v- wl = vyw; + v,w, + - +
vw, = 1.Um,(R) will denote the set of all unimodular rows v € R", i.e.

Um,.(R) = {ve R"[{v,w) =1, forsome w € R" }.

A row v = (V,V,,...,7,.) € R" is said to be relativeunimodular w. r. t. [ if
vy = 1 mod I,v; € I, for i > 1, and there exists elements wy,ws, ..., w,. in R such
that (v,w ) = vywy +v,w, + - + vw, = 1.Um,(R,I) will denote the set of all
relative unimodular rows w. r. t. [, i.e.

Um,(R,I)={ve R"|v= (1,0,..,00mod [,{v,w) = 1, forsomew € R" }.

Lemma 1:([4], Lemma 4.3) LetRbe retract of B and w: B—>» R. If | =
ker(m).Then,E, (B, J]) = E.(B) n SL.(B, ]).
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The Excision ring (Z @ I): If I is an ideal in R, then one can construct the ring
Z @ 1 with addition, component wise addition, i.e. (n, i) + (m,j) = (n+m,i +J)
and the multiplication(n, i)(m,j) = (mn, nj + mi + ij), for mn€ Z, i,j € I.
The maximal spectrum of the ring Z @ [ is noetherian, being the union of finitely
many subspaces of dimension < dim (R).There is a natural homomorphism ¢ : Z @
I - R given by (m, i) » m + i € RIf I is an ideal of ring R, one can similarly
define the Excision ring R @ 1.

Notation:We use the following notations:

(1) Let A = (alij)3X3 € SL3(R,I), where a;; € I if i # j and a; = 1mod I.
Then a;; = 1 + bj;for someb;; € I, for 1 < i < 3. We denote 4 = (c’t‘l}),
where

— {(0’ a;j) if i# ]

a, = S

(1,b;) ifi=j
and thus,

_ (L,byy) (0,a12) (0,a43)

A= (0,a31) (1,by;) (0,ay3) |€SL;(RD D).

(0,az1) (0,a3;) (1,bs3)

Also A = I;mod (0 I) and therefore A€ SL;(R® 0D I).

Lemma2: Let [ be an ideal of ringR and ¥ : R @ I —» Rbe the natural ring
homomorphism given by Y(x,i)= x+i. Then :E3(RD LOD )~
E5(R,I),defined by ¢ (&) = (l/)(c?l“])) ,where & = (c?[]), is a group homomorphism
induced by ¥ and ¢(&) = a.

Proof: Let A, B € Es;(R® 1,0 I), sayA =(a;;) and B =(b,,). Then there exist
Ciiidii € I, 1< i < 3such thatfi[l = (1,Cii), E:t = (1, dii) and for i qt],c'f[] =
(0 , Cli]'), BZ = (0, bU)Then

_ (Lci) (0,a12) (0,a43) _ (1,d11) (0,b12) (0, bq3)
A=l (0,az1) (L,c32) (0,a23) |,B=| (0,b21) (1,dz2) (0,b23)
(0,a31) (0,a3z) (1,c33) (0,bz1) (0,bsz) (1,d33)

and AB = (&), where é, =Z]3=1d‘[113;€, for 1< i, k< 3. One can write
erexplicitly as

6k =

—~ {(l,fii) ifi=k

(0e)  ifi%k
where f;; = c¢; +dy; + cidy; + Xjeiaijbjrand ey = ay + by + ciibi + djag, +
Yj=i, ijbjx. Clearly,fi;, e € I and by the definition of ¢,

j*k
- 1+ fiq €12 €13
¢(AB) = ¢((é;7()) = €1 1+ f €23
€31 €32 1+ fi3
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1+ ¢y a; a3 1+ dyy b1, bi3
= azq 1+cy; azs byq 1+dy; b,s

azq azy 1+c33 bsy b3, 1+ds;
= ¢(4)¢(B).
) 1+ c1  ap a13 dy1 Qi Qg3
Also ¢(A) = arq 1+ Coo dog =|ay1 QA dz3 =A.
azq aszy 1+ ¢33 az1 Aa3zz d4szs

Lemma 3: Let  be an ideal of ring R. If ¢ €EEs(RP )N SL; (RP ,0D 1)
then @ € E5(R,1).

Proof: Since Ris a retract of the ring R €@ [ and the projection mapm: R @ [ » R
defined as (x,i) » x with ker(m) =06 I, by Lemma 1, &a € E5(R® 1,0 I).
Hence by Lemma 2, a € E3(R,I).

3.Mennicke Symbol

Let I be a non-zero ideal of ringR. We say that two pairs (a;, b;) and (a,, b,) in R?,
are [-equivalent if one is obtained from other by a finite sequence of elementary
transformations of the type,

(a,b) — (a,b+ta) (t € I)and (a,b) — (a+ bt,b) (t € R), denoted as
(ay, by) ~; (az, by).

Definition 4 (Mennicke symbol) A Mennicke symbol on Um, (R, I) is the function
[1: Umy(R,I) — C,

b
(@b — ||
where C is a group which satisfies,
.01 _ b1 _ [b,].
MST: [1] =1and [al] = [az] if (ay,by) ~; (az by).

MS2a: If (a, b,y), (a,b,) € Um,(R, 1) then [bfz] = [Zl] [I;Z].

b b1[b
MS2a: If (ay, b), (az, b) € Um,(R,1I) then [a1az] - [al] [az]'

We prove the following preliminary result.

Lemma 5: Let I be an ideal of ring R. Let A = (a;;) € SL3(R,I) and & =

0 -1 0 0 0 1 1 0 O
0 0 -1),&=10 1 0), &=|(0 0 1])€E3z(R). Then, for

1 0 0 -1 0 0 0 -1 0
1< i< 3,A = ¢gAemod E5(R, D).

1+ byy P a3
Proof:Since A = (a;j) € SL3(R,I), we write A = azq 1+ by, ayg
azq as; 1+ bss

where a;;, b; € 1,1 < i # j < 3.A direct computation shows
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as; a3 —dzq
At =

asz ass —a31> = B;(say).
—Q1p, —A13 Qqq
~ (L,by1) (0,a12) (0,a43)
But by definition, A = | (0,a31) (1,bp) (0,a33) | € SL3(R@ I) and & =
(0,az;) (0,a3;) (1,bs3)

(0,0) (—=1,0) (0,0 (0,0) (0,0) (1,0
(0,00 (0,0) (-1,0) ,évl_l =|(-10) (0,00 (0,0))€E;(RD I).
(1,0) (0,0 (0,0) (1,0) (=1,0) (0,0)

Then,

gl = (0,a3;) (L,bsz) (0,—as) az, Qzz  —az
(0,—a;z) (0,—ay3) (1,bqq) —Q12 —A13 Q19

~i~—-15""1 =~
and thus § 48, "'B; =1,.

(1,by) (0,a33) (0,—az;) (Ci;z az3 —Cii]> .
= =B,

SinceEs(R @ I) is normal subgroup of SL;(R @ I), A& ' = &4, for someé €
E;(R® I) and therefore & 4B, =1, . Hence AB, ' =&715 "€ Es(RD I).
Also,AB; T € SLy(R® 1,0 Nas AB, € SLy(R® 1,0 D I).Hence, AB, '€

Es(R® )N SLy(RD 1,0 ® )By Lemma3,AB;' € Es(R,I)jie. A = B; mod
E;(R,)orA = & A& mod E5(R,I). Similarly,we can prove for ,and &5.

Lemma 6:Let | be an ideal of ring R. Let A= (a;;) € SL3(R,)and ¢ =

1 0 0 1 0 O 1 0 O
t 1 0),e&a=(0 1 t|, &s=|0 1 O0]€E;(R), wheret € R. Then, for

0 0 1 0 0 1 0 t 1
4< i< 6,A=¢gAs " mod E5(R,1).

Proof: We will follow the same argument used in Lemma 5. By a simple computation
we have,

ap; — tag; as; a3
€4A€Z1 == a21 + ta11 - tazz - t2a12 azz + ta12 a23 + ta13 = B4 (Say).

az, — tas; asp ass
Hence,
a1 — taqp 12 a3
~ F~-1 — ~ o~ ~ —~ ~ o~ P e~
€4A€4_ - a21 + tall —ta 2 — tzalz azz + talz a23 + ta13 = Dy
asq, — tas; as; ass

and therefore,e]fié}“lgl_l = [,,.SinceE3(R @ I) is normal subgroup of SL;(R @
1), £&AB, ' =T, forsome & € Es(R@® I). Hence 4B, =&15"'€ E;(R®
I).Since,A,B; € SLy(R® 1,0 ® 1),4B, '€

SLy(R @ 1,0 @ I)andhence,AB, € Es(RD 1) NSL;(RD 1,0 D I).By Lemma
3, AB;'€ E;(RI)je. A = B, mod E5(R,I) or A = g, A&}t mod E3(R,I).
Similarly, we can prove for &5 and &g.

ST [SSN 2249 9598




Online International Interdisciplinary Research Journal, { Bi-Monthly}, ISSN 2249-9598, Volume-13, Issue-06, Nov-Dec 2023

Lemma 7:Let [ be an ideal of ring R. Leta =6; L 1 and f =6, L 1, whered; =
b:

<a dl) € SL,(R,I), for i = 1,2. Then af =ymodE;(R,I), where y =
L

Ci

a byb, 0
(* * 0).
0 0 1

0 -1 0 10 o 1 00
Proof: For €1=<0 0 —1),€2=<0 1 0),€3=<—C1d2 1 0),

1 0 O 0 0 1 b, 0 1

1 —b, 0 0 0 1
&4 = (0 1 0), & = ( 0 1 0), we have
0 0 1 -1 0 O

es(eze,a (& B e )eg)es?

dz 0 —Cy adz bl —ac;
=eegza|l 0 1 0 |ges! =eseq6,| idy di —cicp | eqe5?t

—b2 0 a —bz 0 a
1 b, 0 1 0 0
= &g (0 dl - blcldz —C1C2> 8485_1 = &g (0 d1 - b1C1d2 _C1C2) 85_1
0 ble a 0 b1b2 a
a bib, 0
=1 —CC, d1 - b1C1d2 0 =Y.
0 0 1
By Lemma 5, g3&,a (g1 B &7 1) e, = ymod E;(R,I).Since,

&, &3, &4 € E3(R,I), threrfore a (¢, f €7*) =y mod E;(R,I).Butby Lemma 5,
B = & B 7! mod E5(R, I)and hence aff =y mod E5(R, ).

Lemma 8:Let [ be an ideal of ring R. Let « =6; L 1 andf =6, L 1, where
;. b

0; = (il d-) € SL,(R,I), for i = 1,2. Then af =y mod E;(R,I),where
l

i

a;a, b 0
y = ( * * O).
0 0 1

1 0 O 1 0 O 1 0 0
Proof: For €1=<0 0 1>,€2=<0 1 —al),€3=<0 1 a1—1>,€4=

0 -1 0 0 0 1
1 0 O 1 0 0 1 0 0
(0 1 0),85 = (0 1 d, - 1),86 = ( 0 1 0), we have
0 1 1 0 0 1 —C1Q, 1-— dl 1

az 0 _b
—1yo—-1.-1 — 0 1 0 -1.,-1
E5€4E38,0(&1 B €1 7€) €L €6 = E5648362Q €2 €4 &g

—Cy 0 dz
alaz b _alb
=ecg4838, | 1a; dy  —cb |ete) e
_CZ 0 dz
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a,a, b 0
=E5&4E3 | (1A, + a;C, d1 1-— a1d2 8;186
_Cz 0 dz

a,a, b 0
=E&gé&y (Claz + Cy d1 1-— dz) 847186
_CZ 0 dz

a,a, b 0
=€5<C1a2+C2 d1+d2_1 1_d2)€6
C1a2 d1 - 1 1

a,a, b 0
= (clazdz +c, dqid, 0) 6
c10, d—-1 1
a,a, b 0
= (clazdz +c, did, 0)
0 0 1

Note that, €3, &5, &6 € E3(R,I)and by Lemma 5and Lemma 6, a (g f ;1) =y mod
E;(R,1).Again by Lemma 5, B =¢; e mod E;(R,I) and hence aff =y mod
E;(R,I).

Theorem 9: Let (a,b) € Um,(R,I) andc € I,d € Rand d = 1 mod I be such that
ad — bc = 1. Definems : Um,(R,I) = SL3(R,1)/E3(R,I) by

a b 0
ms (b) = class of (c d 0) in %
a 0 0 1 3(R,

Then ms is a Mennicke symbol.

Proof: MS1: Let (a,b) € Um,(R,I) andc € I,d € Rand d = 1 mod Ibe such that

b a b 0
ad — bc = 1. Note that by definition, ms (a) =|c d 0]mod E3(R,I).
0 0 1

a b 0\/1 t O a at+b 0
Since,, ¢ d 0|0 1 0]=|c ct+d 0] forallt €I, wehave,
0 0 1/\0 0 1 0 0 1
b\ _ at+b
ms(a)—ms( a ),foralltEI.

Since,

1 0 O\N/a b 0O\N/1 0 O a+tb b 0
—t 1 0){c d 0]{t 1 O0)=|—-at+c—bt>?+dt —-bt+d 0]
0O 0 1/\0 0 1/\0 0 1 0 0 1

forall t € R, by Lemma 6,

a b 0 a+th b 0
c d 0|=|—-at+c—bt?+dt —bt+ d O0|mod E;(R,I),forallt €R
0 0 1 0 0 1

and hence,
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ms (Z) =ms (a fbt)’ forall t € R.

MS2a:Let (a,b,),(a,b,) € Um,(R,I) and ¢, c, €1, di, d, ER,d; =1 mod
Iand d, = 1 mod Ibe such that ad; — ¢;b; = 1 andad, — c,b, = 1. By definition

b a b, 0 b a b, 0
ms(al)=<c1 d, o) mod Es(R, 1) andms(az)=<c2 d, o) mod Es(R, I).
0 0 1 0 0 1
a by 0\/a b, O a byb, 0
By Lemma 7,<c1 d, 0) <C2 d, 0) = <* * 0) mod E3(R,I) and
0 0 1/\0 0 1 0 0 1

hence,

b, by _ b, b,
ms (21)ms (22) = ms (B142),
MS2b:Let (a,,b),(a,,b) € Umy(R,I) and ¢4, c, €1, dy, d; ER,d; =1 mod
Iand d, = 1 mod I be such that a;d; — c;b = 1land a,d, — c,b = 1. By definition

b a, b 0 b a, b 0
ms (al) = <C1 d, 0>m0dE3(R, I) and ms (az) = <Cz d, 0) mod E3(R,I).
0 0 1 0 0 1
ag b O0\/a, b 0 a;a; b 0
By Lemma 8, <C1 dq 0) (cz d, 0) = ( * % 0) mod E;(R,I) and
0 0 1/\N0 0 1 0 0 1

hence,

(s )= mo(, 1)

Thusms is a Mennicke symbol.
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