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Abstract
In this article, a two ware-house inventory model developed with time-dependent
demand rate. Shortages are allowed and are partially backlogged. Let the considering that
the stock is transferred from the RW to the OW in a permanent release pattern.
Furthermore, holding cost in the RW is considered to be higher than that of the OW. In
addition, it is seen that some but not all the customers will wait for backlogged items
during a shortage period. The model is solved analytically by minimizing the total
inventory cost. A numerical example is taken to discuss the sensitivity analysis has also
been performed.
KEYWORDS: Two ware-house, Inventory model, Time-dependent demand, Partially
backlogged, Shortages.
1. Introduction
It is generally seen that enterprises purchase more goods than can be held in their owned
warehouses (OW) for many reasons, such as discounts on bulk purchases, etc. The excess
units are stored in an additional storage space. This additional storage space may be a
rented warehouse (RW). The holding cost in the RW is generally assumed to be higher
than that in the OW. To reduce the inventory costs, it is imperative to consume the goods
of the RW at the earliest time. As a result, the stocks of the OW will not be released until
the stocks of the RW are exhausted. A two warehouse model was considered by Hartely
(1976) under the assumption that the holding cost in the RW is greater than that in the
OW, therefore, items in the RW are first transferred to the OW to meet the demand until
the stock level in the RW drops to zero and then the items in the OW are released. On the
other hand, Sarma (1983) developed a deterministic inventory model with an infinite
replenishment rate. Sarma (1987) extended Hartely’s model to cover the fixed
transportation cost, independently of the quantity transferred from the RW to the OW.
But he failed to consider shortages in his model. Goswami and Chaudhuri (1992) further
extended the model with or without shortages with the assumption that the demand varies
over time with a linearly increasing trend and that the transportation cost from the RW to
the OW depends on the quantity being transported. In their model, the stock was
transferred from the RW to the OW in an intermittent pattern. However, their work is for
non-deteriorating items only. In addition to all of these, Pakkala and Achary (1992)
further considered the two-warehouse model with finite replenishment rate and shortages,
taking time as a discrete and continuous variable, respectively. Subsequently, many
authors such as Lee (2006), Chung and Huang (2007), Rong et al. (2008) and many
others have worked in the area of two-warehousing under different scenarios. Kumar et
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al. (2012) developed an inventory model with time – dependent demand and limited
storage facility. Kumar et al. (2013) presented two-warehouse inventory model with K –
release rule and learning effect.
In the past, many researchers worked on inventory problems for deteriorating items
such as medicines, seasonal products and many others. Ghare and Schrader (1963) first
proposed an economic order quantity (EOQ) model for items having a constant rate of
time horizon. Their work was extended by Covert and Philip (1973) by introducing a
variable rate of deterioration. A further generalization to the above models was proposed
by Shah (1977) by considering a model allowing complete backlogging of the unsatisfied
demand. Dave and Patel (1981) considered an inventory model for deteriorating items
with time proportional demand and shortages. Kang and Kim (1983) provided a study on
the price and production level of the inventory system. Sachan (1984) extended Dave and
Patel’s model to allow shortages. Datta and Pal (1988) developed an EOQ model by
introducing a variable deterioration rate and power demand pattern. Aggarwal and Jaggi
(1989) considered an ordering policy for decaying inventory. Then Hariga (1995)
extended this work to allow shortages. So many researchers, namely, Chakrabarti and
Chaudhuri (1997), Papachristos and Skouri (2003) continued their research in the area of
inventory management for deteriorating items in various situations.
In supermarkets, it has been observed that the demand rate is usually influenced by the
amount of stock level, that is, the demand rate may go up or down with the on-hand stock
level. Levin et al. (1972) explained the presence of inventory has a motivational effect on
the people around it at times. It is commonly believed that large piles of goods displayed
in a supermarket will lead the customers to buy more'. In the past numerous years, many
researchers have given substantial attention to the situation where the demand rate is
dependent on the level of the on-hand inventory. Gupta and Vrat (1986) were the first to
build up models for stock-dependent consumption rate. Mandal and Phaujdar (1989) after
that developed an economic production quantity model with constant production rate and
linearly stock-dependent demand. Some of the works in this field may relate to Datta et
al. (1998), Dye (2002) and so on. First time, Zhou and Yang (2005) studied stockdependent demand without shortage with two-warehouse. Singh et al. (2010) presented
an inventory model with stock-dependent demand under the effect of inflation and two
shops of a single management. Singh et al. (2011) developed a deterministic twowarehouse inventory model with stock-dependent demand and shortages. Sarkar and
Sarkar (2013) improved an inventory model with partial backlogging and stockdependent demand. Singh and Pattnayak [2014] and Singh and Pattanayak [2015] made
the valuable contribution in this direction. Kumar and Kumar (2016) introduced an
inventory model with stock dependent demand rate. Kumar and Kumar (2016) developed
an inventory model with stock dependent demand and partial backlogging. Recently
Kumar and Kumar (2017) introduced an inventory model with partial backlogging using
linear demand in fuzzy environment.
In this chapter, a two-warehouse inventory model developed with a linear trend in
demand. Shortages are allowed and are partially backlogged. The scheduling period is
taken to be variable and not constant. The results have been validated with the help of
some numerical examples and comprehensive sensitivity analysis has also been
performed.
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2. Assumptions and notations
The mathematical models of the two-warehouse inventory problems are based on the
following assumptions:
The demand rate D(t) is given by a + bt, where a, & b are demand positive
constants.
Unsatisfied demand/shortages are allowed. Unsatisfied demand is partially
backlogged, and the fraction of shortages backordered is a differentiable and
decreasing function of time t, where t is the waiting time up to the next
replenishment.
The OW has a fixed capacity of W units and the RW has unlimited capacity.
The goods of the RW are consumed only after consuming the goods kept in the
OW.
The inventory holding cost in the RW are higher than those in the OW.
With the viewpoint of cost-minimization, the opportunity cost due to lost sale is
the sum of the revenue loss and the cost of goodwill. Hence, the opportunity cost
due to lost sale here is greater than the unit purchase cost.
Replenishment rate is infinite.
Lead time is zero.
Notations:
D(t) demand rate which is a linear function of time t (a+bt, a,& b > 0)
Q
the replenishment quantity per replenishment
W
the capacity of the owned warehouse (OW)
Z
the initial inventory for the period
A
replenishment cost per order
c
purchasing cost per unit
s
the shortage cost per unit time
L
the unit opportunity cost due to lost sale, if the shortage is lost
H
the holding cost per unit per unit time in the OW
F
the holding cost per unit per unit time in the RW, F>H
TC
the present value of the total relevant cost per unit time in a two-warehouse
system
Io(t) the inventory level in the OW at time t
Ir(t)
the inventory level in the RW at time t
e-σt
the backlogging rate, where σ, the backlogging parameter, is a positive constant
and t is the waiting time up to the next replenishment
B(t) the backlogged level at time t
L(t) the number of lost sales at time t
t1
the time at which the inventory level reaches zero in the RW
t2
the time at which the inventory level reaches zero in the OW
T
the time at which the shortage level reaches the lowest point in the replenishment
cycle
3. Formulation of the model
The inventory level at the time t = 0, a lot size of Q units enters the system from which a
portion is used to meet the partial backlogged items towards previous shortages, and the
initial inventory for the period is Z. Out of these Z units, W units are kept in the OW and
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the rest (Z-W) units are stored in the RW provided Z-W, otherwise zero units are stored
in the RW. The goods of the OW are consumed only after consuming the goods kept in
the RW. By time t1, inventory level in the RW reaches to zero due to the combined effect
of demand. During (t1, t2), inventory level in the OW reaches to zero due to the combined
effect of demand. By the time to, both warehouses are empty and there after shortages are
allowed to occur. The partially backlogged quantity is supplied to the customers at the
beginning of the next cycle. The inventory situation can be represented as shown in
Figure 1. Hence, during the interval (0, t1), the inventory levels at time t in the RW and
the OW is governed by the following differential equations:
The inventory levels in RW and OW are given by the following differential equations:

I1' ( t ) = − ( a + bt ) ,

0 ≤ t ≤ t1

…(1)

With the condition I1 ( t1 ) = 0 and

I 2' ( t ) = 0 ,

0 ≤ t ≤ t1

… (2)

With the condition I 2 ( t ) = W . The solution of equation (1) and (2) are given:
I1 ( t ) = b ( t1 − t ) ,

0 ≤ t ≤ t1

… (3)

I2 ( t ) = W ,
0 ≤ t ≤ t1
... (4)
Again, in the interval (t1, t2), the inventory in OW is depicted due to the joint effect of the
demand. The inventory level in OW is given by the following differential equation:
I 2' ( t ) = − ( a + bt ) ,

t1 ≤ t ≤ t 2

… (5)

With the condition I 2 ( t2 ) = 0 . The solution of equation (5) is similarly given by

I2 ( t ) = b ( t 2 − t ) ,

t1 ≤ t ≤ t 2

… (6)

From equations (4) and (6) and due to the continuity at t = t1 , We get

I 2 ( t1 ) = W = b ( t 2 − t1 )
which implies that

W = b ( t 2 − t1 )

… (7)

From equation (7) reduces to
W
t 2 = t1 +
b
…(8)
Equation (8) shows that t 2 is a function of t1 , therefore t2 is not a decision variable.
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Furthermore, at time t 2 the inventory level becomes zero in OW and shortage occurs. In
the interval ( t 2 , T ) the inventory level depends on the demand which is partially
backlogged. The inventory level is given by the following differential equation:
I 3' (t ) = e

−σ (T −t )

( a + bt ) ,

t2 ≤ t ≤ T .

… (9)

With the condition I3 (t2) = 0. The solution of equation (9) is given by

I3 ( t ) =

(e
σ
a

−σ (T −t )

−e

− σ ( T − t2 )

) + σb (te

−σ (T −t )

− t2 e

−σ (T −t2 )

) − σb ( e
2

t2 ≤ t ≤ T .

−σ (T − t )

−e

−σ (T −t2 )

),
… (10)

Using the condition I1 (t) = Z – W at t = 0 and I3 (t) = Q – Z at t = T, we have
Z = W + bt1
And

Q=Z+

(1 − e
σ
a

− σ ( T − t2 )

) + σb (T − t e

− σ ( T − t2 )

2

) − σb (1 − e

−σ (T −t2 )

2

)

Now the total cost consists of following components such as ordering cost, inventory
holding cost in the RW, inventory holding cost in the OW, backlogging cost, lost sales
cost.
Ordering cost = A

… (13)

Holding cost per cycle in RW
t1

t1

0

0

HCRW = F ∫ I1 (t )dt = F ∫ b ( t1 − t )dt =

Fb 2
t1
2

… (14)

Holding cost per cycle in OW
HCOW

t2
t2
 t1

 t1

= H  ∫ I 2 ( t ) dt + ∫ I 2 ( t ) dt  = H  ∫ Wdt + ∫ b ( t2 − t ) dt 
t1
t1
 0

 0


b
2

= H Wt1 + ( t2 − t1 ) 
2



… (15)

Backlogging cost per cycle
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T

SC = −Cs ∫ I 3 ( t ) dt
t2

(

T

)

(

)

(

)

b
b
a

= −Cs ∫  e −σ (T −t ) − e−σ (T −t2 ) + te−σ (T −t ) − t2 e−σ (T −t2 ) − 2 e−σ (T −t ) − e−σ (T −t2 )  dt
σ
σ
σ

t2 


a1
1 e−σ (T −t2 )

 b T t
=  −Cs  1− e−σ (T −t2 ) − (T − t2 ) e−σ (T −t2 )  +  − 2 e−σ (T −t2 ) − 2 +
− t2 (T − t2 ) e−σ (T −t2 ) 
2
σ σ
σ
σ

 σ σ σ


(

−

(

)

)

b 1

1 − e−σ (T −t2 ) − ( T − t2 ) e−σ (T −t2 ) 
2 
σ σ


… (17)

Opportunity cost due to lost sales per cycle


−σ (T − t ) 
OC = L ∫ 1 − e
 ( a + bt ) dt

t2 
T


−σ (T − t 2 )
−σ (T − t 2 )  

−σ (T − t2 ) 
b 2 2
a
T −e
1− e



= L a ( T − t2 ) + (T − t 2 ) −  1 − e
−
 −b
2

 
σ
σ
σ
2






… (18)

Therefore total average cost per unit time is

TC ( t1 , T ) = (1/ T ) [ OC + HORW + HOOW + SC + OP ]

(

)

(

)

1  Fb
b
2

a1
−σ T −t
−σ T −t 
TC ( t1,T ) = A + t12 + H Wt1 + ( t2 − t1 )  − Cs   1− e ( 2 ) − (T − t2 ) e ( 2 ) 
T
2
2


 σ σ

−σ T −t
 b 1
b  T t2 −σ(T−t2 ) 1 e ( 2 )

+  − e
− 2 + 2 −t2 (T −t2 ) e−σ(T−t2 )  − 2  1−e−σ(T−t2 ) −(T −t2 ) e−σ(T−t2 ) 
σ σ σ
σ
σ

 σ σ


−σ (T − t2 )
−σ (T − t2 )   
−σ (T − t2 )   T − e
b 2 2 a
1− e

 
+ L a ( T − t 2 ) + ( T − t2 ) −  1 − e
−b
−

2


  
2
σ
σ
σ
 


  


…(19)
Now, for minimizing the total average cost per unit time, the optimal values of t1 and T
(say t1* and T * ) can be obtained by solving the following equations simultaneously:
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∂TC ( t1 , T )
∂TC ( t1 , T )
= 0 and
=0
∂t1
∂T

---(20)

which also satisfies the conditions
∂ 2TC ( t1 , T )
∂t12

and

( t ,T )
*
1

*

> 0,

∂ 2TC ( t1 , T )
∂T 2

(

t1* ,T *

)

>0

 ∂ 2TC ( t1 , T )   ∂ 2TC ( t1 , T )   ∂ 2TC ( t1 , T ) 


−

∂t12
∂T 2


  ∂t1∂T


2

>0

(t T )
* *
1

4. Numerical examples
In this section, to illustrate the preceding theory, let us consider an inventory system with
the following data in appropriate units based on the previous research work: a = 200, b =
15, C = 10, H = 1, F = 2.5, A = 85, A1 = 110, s = 5, C1 = 12, σ = 0.90, W = 100. The
optimal values are: t1 = 0.20, t2 = 0.59, Z = 129.2, Q = 146.3 and TC = 258.4.

5. Sensitivity analysis
The change in the values of parameters may happen due to uncertainties in any decisionmaking situations. To analyses these changes, sensitivity analysis might be of great help.
Using the numerical example presented above, the sensitivity analysis of parameters with
respect to the various parameters has been done.
Table 1: Sensitivity of the optimal solution with respect to the various parameters of the
model
% change in optimal values
Changing
% change in
parameter
parameter value
t1
t2
TC
+50
0.31
-0.03
43.56
+20
0.15
-0.01
23.89
a
-20
-0.21
0.03
-21.26
-50
-1.01
0.07
-39.46
+50
0.68
-0.06
186.42
+20
0.33
-0.04
53.79
b
-20
-0.52
0.06
-34.56
-50
-1.46
0.20
-53.45
+50
0.68
-0.06
189.84
+20
0.35
-0.04
54.36
c
-20
-0.53
0.06
-32.43
-50
-1.89
0.20
-56.53
+50
-8.81
-8.42
32.49
+20
-4.57
-3.58
11.47
F
-20
4.96
4.99
-14.89
-50
13.47
13.68
-43.46
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H

W

s

L

+50
+20
-20
-50
+50
+20
-20
-50
+50
+20
-20
-50
+50
+20
-20
-50

-0.35
-0.05
0.05
0.10
-0.47
-0.18
0.16
0.47
6.37
3.15
-5.46
18.68
2.58
0.79
-0.79
-2.58

-0.9
-0.04
0.03
0.06
0.08
0.04
-0.1
-0.05
7.18
3.12
-4.30
16.21
1.67
0.69
-0.68
-2.07

0.43
0.19
-0.24
0.46
-0.16
-0.11
0.12
0.18
5.43
2.69
-3.63
-13.46
2.49
1.23
-1.27
-2.46

From Table 2, the following observations can be drawn:
1. The change in the consumption rate (a), time-dependent consumption rate (b) and the
stock-dependent consumption rate (c) leads a positive change in the present value of the
total cost (TC). The parameters b and c are highly sensitive in comparison of the
parameter (a).
2. The change in the holding cost (H) for the own warehouse leads a positive change in
the present value of the total cost (TC).
3. The change in the holding cost (F) for the rented warehouse leads a negative change in
the present value of the total cost (TC).
4. When the capacity of the own warehouse (W) increases, then the present value of the
total cost (TC) increases.
6. The change in the shortage cost (s) leads a positive change in the present value of the
total cost (TC).
6. The change in the opportunity cost (L) leads a positive change in the present value of
the total cost (TC).
6. Conclusion
A major inventory problem is to how, when and where to stock the goods. Usually it is
assumed that the warehouse has boundless capacity. But due to various factors such as
bulk purchase discounts, re-ordering costs, seasonality of products, inflation-induced
demand, etc., the organization orders more than the capacity of the OW. To store these
excess units, an extra storage space is required which is termed a rented warehouse. Here,
a two-warehouse inventory model has been presented by incorporating some of the
realistic phenomena, namely time-dependent demand and partially backlogged shortages,
assuming that the stock is transferred from the RW to the OW in a continuous release
pattern. Moreover, holding cost in the RW is considered to be higher than that of the OW.
The present model differs from the existing models, as here , time-dependent demand has
been considered; since the time-dependent demand is very much applicable to a lot of
consumer goods whose demand changes steadily along with a steady increase in
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population density and display area. Moreover, it is seen that some but not all the
customers will wait for backlogged items during a shortage period, such as fashionable
commodities or high tech products; thus shortages at the owned warehouse are also
allowed subject to partial backlogging.
A solution procedure has also been presented and findings have been validated
with the help of some numerical example. Sensitivity analysis of the optimal solution
with respect to various parameters has also been presented.
A future study would be to extend the proposed model for finite replenishment
rate, inflation-induced demand, price dependent demand, fuzzy demand and many more.
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