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“ Abstract “

In this paper, an inventory model is developeddecaying items which have backlogs
under inflation. The demand rate of ramp type isdufor fluctuating demand pattern

which is time dependent also. The demand pattesea$onal and fashionable products
are considered which is increasing at start, stesfthr some time, decreasing when
approached to season ending and become asymptddistaShortages are allowed and
effects of inflation are included in the model. &g, numerical examples are presented
implementing sensitivity analysis of optimal sotutiwhich show developed model and
solution techniques.
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1. Introduction:

Demand is the most volatile of all the market ferces it is the least controlled by
management personnel. Even a slight change in ¢head pattern for any particular
item causes a lot of havoc with the market conakr@eerall, it means that every time
the demand for any commodity goes a noticeablegghathe inventory manager has to
reformulate the complete logistics of managementifat item. Here, one thing becomes
very apparent, even if the firm is able to takejtteof changed customer’s preference, it
will not be able to take the sweep of formulatingew inventory management theory
every time. Previously two types of time depend#srhands i.e. linear and exponential
have been studied.

The main limitation in linear time-dependence ofma@ad rate is that it implies a
uniform change in the demand rate per unit times Tarely happens in the case of any
commodity in the market. On the other hand, an egptal rate of change in demand is
extraordinarily high and the demand fluctuationaofy commodity in the real market
cannot be so high. It concludes that demand raterres been constant or an increasing
function or decreasing function of time. To obsetlvese fluctuation in demand pattern,
ramp type demand rate taken into considerationth&t beginning of the season it
increases, in the mid of the season it becomedystrad towards the end of the season it
decreases and becomes asymptotic. The demandcadases with time up to a certain
time and then ultimately stabilizes and becomesteon. The demand pattern assumed
here is found to occur not for all types of seasqmaducts but also for fashionable
goods, electronic items etc. It feels that a maealistic approach is to think of
accelerated growth (or decline) in the demand cate be best represented by a time
dependent ramp type demand rate.
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The ramp type demand is very commonly seen wheresioash come to the
market. In case of ramp type demand rate, the denmaneases linearly at the beginning
and then the market grows into a stable stage thaththe demand becomes a constant
until the end of the inventory cyclglill (1995) first proposed a time dependent demand
pattern by considering it as the combination of wiferent types of demand such as
increasing demand followed by a constant demart@vansuccessive time periods over
the entire time horizon and termed it as ramp-tiype dependent demand pattern. He
derived the exact solution to compare with the &#Meal heuristic Mandal and Pal
(1998) extended the inventory model with ramp type denfandleteriorating items and
allowing shortageWee and Wang (1999)studied a production-inventory model for
deteriorating items with time varying demand, eniroduction rate and shortages, over a
known planning horizonWu and Ouyang (2000) extended the inventory model to
include two different replenishment policies: (addels starting with no shortage and (b)
models starting with shortage. (8001) Wee and Lawstudied an EOQ model with
Weibull deterioration, price dependent demand aw®gig the time value of moneyu
(2001)further investigated the inventory model with ratype demand rate such that the
deterioration followed the Weibull distribution debration and partial backlogging.
Goyal and Giri (2003) considered the production-inventory problem in ahhithe
demand, production and deterioration rates of dysrbwere assumed to vary with time.
Shortages of a cycle were allowed to be partiadigktoggedGiri et al. (2003)extended
the ramp type demand inventory model with a moneegdized Weibull deterioration
distribution. They noted a demand pattern for faséble products which initially
increases exponentially with time for a periodiofe after that it becomes steady rather
than increasing exponentially. But for fashionabl®ducts as well as for seasonal
products the steady demand after its exponentiaéiment with time never be continued
indefinitely. Rather it would be followed by expanial decrement with respect to time
after a period of time and becomes asymptotic iturea Thus the demand may be
illustrated by three successive time periods di@skstime dependent ramp-type function,
in which in the first phase the demand increasdh twme and after that it becomes
steady and towards the end in the final phasedtedses and becomes asymptotic. An
economic production quantity model for deteriorgtittms was discussed Bgng and
Chang (2005) Manna and Chaudhuri (2006) have developed a production inventory
model with ramp-type two time periods classifiedn@a@d pattern where the finite
production rate depends on the demand. The demmanelases linearly with time in the
first period of time, and then it becomes steadytlie remaining time of the production
cycle. They noted that this type of demand patieigenerally followed by new brand of
consumer goods coming to the market. Recebiiyg et al. (2007)investigated an
inventory model to amend the incompleteness ofnbdels given byMandal and Pal
(1998), Wu and Ouyang (2000). Dye et al. (200@palyzed an inventory model for
deteriorating items in which demand and deterioratate are continuous and differential
function of price and time respectively, and shgetaare fully backloggeddenget al.
(2007) point out some questionable resultsMéndal and Pal (1998)and Wu and
Ouyang (2000) and then resolved the similar problem by offe@niggorous ad efficient
method to derive the optimal solutidPanda et al.(2008)developed a single item order
level inventory model for a seasonal product wigmp-type demand rate. Shortages are
not allowed over a finite time horizoBugapriya (2008)studied an EPQ model for non-
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instantaneous deteriorating item in which holdiogtosaries with time. It is a production
problem of non-instantaneous deteriorating iterwlnch production and demand rate are
constant. Manna et al. (2009) developed an EOQ model for non-instantaneous
deteriorating items with demand rate as time-dependin the model, shortages are
allowed and partially backlogge&kouri et al. (2009) determined an inventory model
with general ramp type demand rate, time depen(aieibull) deterioration rate and
partial backlogging.

In this paper an order level inventory system fon4mnstantaneous decaying
items with ramp type demand rate has been developee three-parameter Weibull
distribution rate of deterioration was applied t@land inventory. Shortages of a cycle
were allowed to be partially backlogged. The bagglog rate is any non-increasing
function of the waiting time up to the next repEmnent. The model is fairly general in
practice, as the demand of some items such afasble items increases up to the time
point of its stabilization. The purpose of thisdtus to determine an optimal ordering
policy for minimizing the expected total relevanvéntory cost. Numerical examples are
also discussed in the concluding phase of the m&a#isitivity analysis was applied on
the parameter effects of the optimal time and ol& Cost.

2. Assumptions and Notations:
We develop the inventory model under the followasgumptions and notations.

Assumptions:

1. The demand ratB(t) is a ramp type function of time given by

[f0) t<u
D(t)‘{f(u) t>

f(t) is a positive, continuous function @f [0, T].

2. The life time of the item in inventory is random darfiollows a Weibull
distribution having probability density function

f()=aBt-y)/e” ™"  a,p>01t>y
Hence the instantaneous rate of deteriorationeobthhand inventory is

f(t)
1-F(t)

o(t) = =aft-y)’* a,B>0t>y

F(t) being the distribution function of Weibull diditition.

3. There is no replacement of deteriorated items dithie periodr.

4. Shortages are allowed and are backlogged at @Egte/Vhich is non-increasing
function ofx i.e. g'(X) < 0 with the assumption € g(x) < 1, andx is the waiting
time up to the next replenishment, ie= T-t;, moreover we assume thgix)
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satisfies the relatioRgx) + g'(x) > 0, whereg'(x) is the derivative og(x). The
casegy(x) = 0 (or 1) correspond to complete backloggingdamplete lost sale:
models.

Notations:

T Scheduling period (cycle) which is cons

ta The time when invenry level reaches zero.
A Ordering cos

Ch Holding cost per unit per unit of tin

Cs Shortage cost per unit per unit of tii

Y

Deterioration cost per unit per unit of tir
Co Opportunity cost per unit per unit of time duedstlsale
U Parameter athe ramp type demand function (time po
Im Maximum inventory level

3. The mathematical formulation of the model

Case: 1 t1<5p)

The replenishment at the beginning of the cycladwithe inventory level up 1,
There is no deterioration ring interval [0,y], the depletion of inventory during tr
interval is only due to demand. During the interfy, t;] the inventory level decreas
with the combined effect of demand and deterioratamd falls to zero & =t;, thereafter
shortages ecur during the perioct;, T], which are partially backlogged. The backlog:
demand is satisfied at the next replenishn

1)

=

TN

Fig.1. Inventory Level WhenT; <u
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Let I(t) be the inventory level at any timed <t < T. The differential equations
governing the instantaneous state of inventoryl I§tein the interval [O]T] are given by:

I'(t) = (1) 0<t<y 1)
I't) + af(t=) (M) = f@) with I(t) =0 y<t<t, @)
1'(t) = () 9(T-1) th<t<u (3)
I'(t) = () g(T—t) p<t<T 4)

3.1 The solutions of equations (1) — (4) are givéday

0= " f(Qdx+ j; f(Xe " dx (5)

i) =e" | * e dx (6)
|®) == T099(T - ax ™
@) == ()] 9T = b= [ F()g(T - Yol (®)

The holding cost of the inventory during fg,is

H :J.oy[.'.ty(ch"'(‘x) f(xe" dX+J:1( c+o) T X g d}( ;

+(c, +g)[ e [ ) L) sl d% g c (9)

y

3.2 Present value of deterioration cost during [(t3] is
—~ [ ) P S | =
D_cdjyf(t)e Ve dt gjy )& d (10)
3.3 Present value of shortage cost durindy| T] is

S= (;I:U:l () d T X d%‘é‘ c

T t _
ol @ oT-gae [ (34T Xk & (12)
U U 4
3.4 Present value of opportunity cost due to lostate during [t1, T]is

0=¢ " [1-o(T- 1] f(he" dt- ¢ )f, [1- A F ] € « (12)
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3.5 Present value of the total co

TC(t) =H+D+S+0

=[G e foget ae ['(Groy (€7 € d d

+(c, +¢t).[t1 g [ I:l fx)g d% g dt +

y

o[l (e & dt- g[* ()& dre,[” [ [ f9o(T- &d% & dt
+Csjl[f(u)j;g(T— x)dx+j: f(¥dT X d} € dt

vo,[" [1-g(T- 0] f(e" div ¢ )] [1- 7 )] € ot
(13)

Case: Il (ty > u)
In this case the differential equations governingtantaneous state I(t) are

given by:
I'(t) = (t) withl(y) =1(ys)  0<t<y (14)
I'(t) + aB(t=)" () = (1) with (i) = (i) y<t<u (15)
I'(t) + af(t=)" () = f(u)  withI(t) =0 u<t<t (16)
and I(t) = () o(T-t) p<t<T (17)
(1)
L,

Fig.2.Inventory level whenT; > u
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Solutions of (14) — (17) are given by:

I(t) = jt " H(Xdx+ jy“ f(9eC dx+ f () L‘je”(x-”“dx 0<t<y (18)

| (t) = e’ [ L " 1(0e" 0 dx+ (1) j; e”‘x‘y’ﬂdx} y<t<u (19)

1O =" f ()] " g0’ gy p<t<t (20)
and

) =1 () o(T - Rdx pst<T (21)

3.6 Present value of holding cost of the inventorguring [0, t;] is

H=(c +¢Jt)[ joy[ [/ 10de [ 13 6" ae () &7 d} Cl
+.|'yue‘”“‘y)ﬂ Utﬂ f(X) &% dyr f(,U)J.;1 g’ d% e

+J“1 g’ [ f(,u)J‘tl g’ d)ﬁ gt d} (22)
U t
3.7 Present value of deterioration cost during [(] is
D =C |:J"u f(t)(éﬂt—y)ﬂ _1) e—n dt+ f(ﬂ)jtl( é(t_y)ﬂ _l) ét d} (23)
dldy u
3.8 Present value of shortage cost durindy[ T] is
T[ et _
S:gf(,u)L[LQ(T—Xd% & c (24)
3.9 Present value of opportunity cost due to loste during [t, T] is
T
O=g¢, f(1) L [1- g(T- 9] e" o (25)

3.10 Present value of the total cost

TCy(t) =H+D +S+0

=(c, +¢x)[joy[jtyf(x)dx+ [/ 10y 60w u)f* €’ d} Cl
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+J':e—a(t—y)” |:_Lﬂ f(x)él(x—y)ﬁ dy+ Kﬂ)j:jl a0y’ d% € ¢
+" e—a(t—y)ﬂ[ f(lu)_rl gy’ d)ﬁ gt d}

H t
+C, |:J.: f(t)(ea(t—y)ﬁ _1) " dir f(ﬂ)J';l( g=yy _1) &t d}

re (]| [ oT-pa & dv ¢ (wf/[1- gF ) € « (26)

The total present value of the system oveif[Qakes the form:

TC,(t,)  if t,<u

. (27)
TCt)  if t,>u

TC(t,) = {

It can be easily verified thatC(t;) is a continuous function &t p. Our problem
is to minimize the present value of the total ¢doattion TC(t;) having its two branches.
Optimal replenishment policy:

We present the result which ensure the existefice uniquet; sayt; which
minimizes the total cost functionC(t,).

dTG () _
a f(t,)h(,) (28)

This implies thath(t;) is strictly increasing function df, and we havd(0) < O

andh(T) > 0, and by our assumptidft;) > O, so the derivatived%(tl) vanishes at; ,
with 0 <t;” < T, which is unique root di(t;) = 0, for thist;" we have

dﬁT%gf):dfa{)ha£)+fa£)dha{)=f(g)dha{)>0
dy dy dy dy

t, corresponds to the unconstraint global minimunTef(t,), if t; <, i.e.if t; is
feasible, the optimal value of the order levdljs 1(0) and is given by

* tl* al(t-
|m=ﬂfmm+Lfme“”%t (29)
And optimal order quantitQ)” is given by

Q' =1, +[ 1(OQ(T - Odt+ (1) o(T -t (30)
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And the minimum costC(ty) is given by equation (13).

Wheng(x) = 0, we havén(0)<0 and%(él) >0,

If h(T) > 0O, t,’ corresponds to the unconstraint global minimumT@h(ty),
moreover ift; <y, the optimal value of the order level and the optiorder quantity are
given by equations (29) and (30) respectively.

If h(T) <0, TCy(ty) is strictly decreasing and attaining its minimat.

Now consider the branchCy(t,). Its first and second order derivatives are

d*TC,(ty) _ ¢

o) _ ¢, ANL)

TG - ¢ ey, &

d, at (31)

(

TC,(ty) is strictly increasing when 0 g(x) < 1, and as abovg% has its unique root

t; with 0 <, <T. Thist,” corresponds to the unconstraint global minimurT©f{ty), if
t; is feasibla.e.if t; >, the optimal value of the order levelSs- [(0) and is given by

|- = joy f(t)ydt + jy" f(t) ™" dt+ f (1) L‘l et gt (32)
And the optimal order quantiQ is given by
* * T
Q =1, +f(1)]. 9T -t (33)

And the minimum costC(ty) is given by equation (26).

The analysis done so far shows that the two fans@i C,(t;) andTC,(t;) have the
same (unique) unconstraint minimum pdintl(0, T). From equation (28) we can further
shows that the functiomC(t;) is differentiable at the point, sop cannot be a corner
point for TC(ty).

For the casg(x) = 0, %

>0 andh(0) > 0, agaimh(T) may be less than or greater than

zero. If h(T) > 0, t; corresponds to the unconstraint global minimumT@k(ty),
moreover ift; is feasiblei.e. if t; > p, the optimal value of the order level and order
guantity are given by equations (32) and (33) rempay. If h(T) < 0, TCy(ty) is strictly
decreasing and attaining its minimuniat

4. The Algorithm to find the Optimal ReplenishmentPolicy:
For the case 0 g(x) <1
Step i: computé; .
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Step ii:compare;” to L, if t <, the optimal order quantity and total cost functare
given by equations (6.30) and (6.13) respectiviély; > p, the optimal order quantity
and total cost function are given by equations3pahd (6.26) respectively.

For the caseg(x) = 0,
Step i: computé(T).
Step ii: Ifh(T) > 0, go to step i of previous case.

If h(T) <0,t, =T, and consequently

. . T aft—
1" =Q :joyf(t)dujy f(t) ™ dt

ie.Q = [ fOdt+ [ f(t)e™ ™ dt+ f () jT e?’ gt (34)
0 y H

5. Numerical Examples:

Example 1: Let us take = 0.01,8 =2,y = 0.3 yearu = 0.9 yearc, = $ 3 per unit
per yearcqy = $ 5 per unit per yeac; = $ 15 per unit per yeat, = $ 20 per unit per year,
andR = 0.2,T = 1 year/f(t) = 3€e*?, andg(x) = e °*, the optimal value of, as t; =
0.8487 <u. The optimal ordering quantity i = 54.5342, S*=27.3421, and the
minimum cost isSTC= 82.6875.

Example 2: Thjs example is identical to exampleedceptu = 0.6 year. The
optimal value oft; ist; = 0.8278 >u. The optimal ordering quantity @ = 26.3453,
S*=19.8394, and the minimum cosfli€ = 42.8934.

6. Sensitivity Analysis:

Sensitivity analysis is performed by changing (@asing or decreasing) the
parameters by 25% and 50%, and taking one parametetime, keeping the remaining
parameters unchanged. Table is given on the ngwet pa
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Table-1 (whentl < u)
Sensitive Analysis with Respect to Different to Pameters

Parameters % Change u' s Q" TCt*
a -50 0.8533 27.1585 542782 82.4356
-25 0.8521 27.2627 54.3536 82.5903
+25 0.8467 27.4462 54,7389 827824
+50 0.8412 27.4828 54,8102 82.8493
B 50 0.8431 27.1039 54,7803 83.5291
-25 0.8466 27.2635 54.6772 82.9839
+25 0.8492 27.5482 542168 82.3548
+50 0.8501 27.6744 54.1673 81.7904
¥y —50 0.8410 27.0473 54,7836 81.0285
=25 0.8462 27.1348 54,5890 81.3342
+25 0.8490 27.3854 54,3784 82,7785
+50 0.8495 27.4203 54,2913 82.8954
Ch -50 0.8523 29.6431 54.7190 78.6951
-25 0.8503 28.9204 54.6738 80.2607
+25 0.8367 25.7823 54.3847 86.8342
+50 0.8328 229038 54,2134 92,1460

Table-2 (When t > p)

3+ = * *

Parameters % Change t1 S Q TC:
a -50 0.8423 20.3227 24.8532 40.1727
-25 0.8378 19.9371 254574 41.3236

+25 0.8234 18.5289 26.5248 43.1334

+50 0.8146 17.8654 27.0453 44.3282

B -50 0.8210 17.0964 27.310%9 43.1389
-25 0.8234 18.5427 26.4942 42.9323

+25 0.8299 19.9542 25.5735 42.2427

+50 0.8389 20.2564 24.0852 41.3894

v -50 0.8034 18.4797 27.5166 43.3562
-25 0.8190 19.0459 26.8347 43.1082

+25 0.8378 19.9075 25.8543 42,1728

+50 0.8482 20.1043 24.2809 41.5458

Ch =50 0.8554 20.5432 27.1275 40.7364
-25 0.8411 19.9076 26.7344 41.2782

+25 0.8155 18.5763 25.2289 43.5945

+50 0.7959 17.5780 24.1833 45.7829
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From table 1 and table 2, we can conclude:

1 The percentage change in the optimal total cosin®st equal for both
positive and negative changes of all the paramebecspts, y, ¢, and
Co-

2. It is seen that the model is more sensitive foegative change than an
equal positive change in either of the parametgeysc, andc.

3. The optimal cost increases and decreases witintiease and decrease

in the parameters, cn, Cq, Cs and c,. But this trend is reversed for
parameterg, y andR.

4. The proposed model is low sensitive for parameterg, y and cy,
moderately sensitive to changes in the parametesadR. It is highly
sensitive to changes in the parametgi@ndcs.

7. Conclusion:

This paper deals an order level inventory modeldeteriorating items with
ramp type demand rate. The items that incur a gilddas in quality or quantity over
time while in inventory are usually called deteaitong items. It was assumed that the
goods in the inventory deteriorate at a three patamWeibull distribution rate. The
nature of demand of seasonal and fashionable pr®ditcreasing-steady-decreasing
and becomes asymptotic. For seasonal productslbkiees, air conditions etc, demand
of these items are very high at the starting of ¢bason and become steady after
certain time. The demand pattern assumed hereinglfto occur not only for all types
of seasonal products but also for fashion appasemputer chips of advanced
computers, spare parts, etc. The procedure presémiee may be applied to many
practical situations. Retailers in supermarket fdde type of problem to deal with
highly perishable seasonal products. The modetiityfgeneral as the demand rate
which is a ramp type function of time. The shortageere allowed and partially
backlogged in the model. The effects of inflationd atime-value of money were
incorporated into the model. Furthermore, numereamples are given to illustrate
the solution procedure for the mathematical modeletbped. Finally, they also
implement sensitivity analysis of the optimal smuotwith respect to major parameters.
Numerical results are shown with the help of graph.

The proposed model can be extended in several viaysnstance we may
consider finite planning horizon. Also we can extethe deterministic demand
function to stochastic demand patterns. Furthermeeecan generalize the model to
allow permissible delay in payments.
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